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Kinetic Theory of Subsonic and Supersonic Transport Processes
for Screened Coulomb Interactions

H.E. WiLHELM
Colorado State University, Fort Collins, Colorado 80 521

(Z. Naturforsch. 25 a, 322—328 [1970] ; received 7 November 1969)

A statistical theory of the intercomponent transport processes is given for nonisothermal plas-
mas consisting of electron and ion components, when the particles interact through Coulomb col-
lisions screened electrostatically beyond the Debye-radius. The associated collision integrals are
evaluated analytically for arbitrary drift velocities of the components, and under consideration of
the velocity dependence of the Coulomb logarithm. The resultant analytical relations form con-
sistent mathematical foundations for a transport theory of systems with collisional Coulomb inter-
actions. It is shown that different properties of the transport processes and the effective Coulomb
logarithms result for subsonic and supersonic drift velocities of the components.

I. Introduction

A Kkinetic investigation starting from the Boltz-
mann equation may be based on various integration
formalisms *: 1. A physically illustrative and mathe-
matically elegant method is the expansion of the
distribution function around a local equilibrium
distribution function in terms of Hermite polyno-
mials, the expansion coefficients being given as mo-
ments of the distribution function?2. In restricting
this orthogonal development to the first thirteen
moments, which have a simple physical meaning,
the velocity distribution of the r-th particle com-
ponent is 3:

_m, Br
S 2kTr<pr

>

= 3 cece,

LMy (m,c?
T kT \5kKT,
c,=v,—(v,).

Jace |

The perturbations of the distribution function are
caused by different types of transport processes:
i) the viscous stresses 7, ;; and the heat currents
gr.i, 1. e. transport processes due mainly to the in-
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homogeneities in the component, and ii) the momen-
tum and energy exchange between different compo-
nents due to intercomponent nonuniformities. Both
types of transport processes influence each other to
an extent determined by the nonuniformities in
(Vn,, VT,, \V(v,),...) and between (T,—T;+0,
(v,) — (vs)+0,...) the components *.

The theory of transport processes for plasmas is
in part incomplete and phenomenological. Except
for special applications, e. g. the relaxation of test
particles, it is commonly implied that the baro-drift
velocities are infrasonic ~!2. Another standard pro-
cedure is the integration of the collision integrals
after replacing the velocity dependent Coulomb log-
arithm by a thermal average 712, This average Cou-
lomb logarithm is assumed to be the same for the
different transport processes 713, Further, identical
average Coulomb logarithm are used for subsonic
and supersonic processes 11> 12

%mrs(<vs> = <vr>)2 = kTr.\'-

, Tespectively, i. e. for

For these reasons, it seems desirable to develop
more consistent theoretical foundations for the plas-
ma transport processes resulting from collisional
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KINETIC THEORY OF TRANSPORT PROCESSES

Coulomb interactions. To this end, the intercompo-
nent momentum and energy transport is analyzed
for quasi-homogeneous, nonisothermal plasmas with-
out noticeable viscous stresses and heat currents,
7, ;;— 0 and g, ;— 0. The collision integrals are
evaluated analytically under inclusion of the velo-
city dependent Coulomb logarithm. Further, con-
sideration is given not only to subsonic but also to
supersonic transport conditions.

II. Theoretical Principles

It is well established that the collisional Coulomb
interactions in a rarefied plasma can be treated
within the frame of the Boltzmann equation, or its
Fokker-Planck expansion for successive gentle inter-
actions ®. In order to include close and distant colli-
sions, the kinetic considerations will be based on the
Boltzmann collision integral.

1. Kinetic Equation

The change of the distribution function f,(v,, T, )
of the particle velocities ¥, of an arbitrary compo-
nent (r) in the vicinity of a point 7 is described by
the kinetic equation 14:

d 3 3
787 fr+ 51‘ : (vrfr) + é;r : (wrfr) = SECm, (1)

which expresses the continuity of f.(v,,7,¢) in pre-
sence of exterior particle accelerations W, and col-
lisions of like (s=r) and unlike (s+r) particles,
where 14

C,—s=f' : f[f: f; —fr/s] 9rs Orsdgdvs (2)

are the partial collision integrals of the (r — s)-inter-
actions. The initial {v,, v} and final {v;, v;} state
in the collisional transition are related by the con-
servation equations for momentum and energy (e =
apseline unit vector) 14:

v; =0, +2 77 (g,se) e, (3)
my
v, —v,—-2 " (g,-e) e, (4)
mg
where
grszvs—vr7|grs’=lg:8|’ g:s ='U; _v;' (5)

14 1., WALDMANN, Transport Phenomena in Gases of Medium
Pressures, Encyclopedia of Physics, Vol. XII, Springer-
Verlag, New York 1958.
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By specializing to quasi-homogeneous plasmas,
@, ;j— 0 and ¢, ;— 0, the nonequilibrium distribu-
tion function for any component (r) reduces to the
displaced Maxwellian 173,

f,=n,(2nml:7,;) exp { —m, (v, — (v,))%/2kT,},
(6)
which represents a five-moment-approximation char-
acterized by the individual density n,, temperature
T,, and mean mass velocity (v,) of the r-particles.
The elastic collisions of the charged particles (e;)
and (es), which interact by a Coulomb potential
shielded beyond the Debye radius, are described by
the differential cross section 4

Ops = L ( ‘?(?.s; )—sin_4(x/2) , for: spn < x< =,
4 \ mys grs
=0 0§z§7‘min’ (7)

referred to the center of mass system. The minimum
scattering angle #min[%=<C(gys, grs)], which cor-
responds to the maximum impact parameter Qpax = D,
is

#min=2 arcctg(D/o1), (8)
where D=4n nseikT,) " (9)
and 0L = [ €r € |/(mrs ggs) . (10)

2. Mathematical Preliminaries

Transformations. — Because of the in-
variance of the Egs. (3) and (4) with respect to
Galilei transformation, similar equations hold also
for the thermal velocities €, and €; :

e —c,+277 (g,e) e, (11)
my
e —¢,—277 (g, e) e, (12)
myg
where . ) .
C=V,—(V;),...,Cs =05 — (Vs). (13)
In terms of the variables,
Crs= [ar/ (ar + as) ] C; + [as/ (as+a,) ] Cs
and
grs (crs =Csr, grs = - gsr) s
the thermal velocities become:
C,=Crs— _aﬁ(grs—'<grs>) 9 (14‘)
ar
QAsr
Cs=0Crs+ ;s_ (grs_(grs>) ) (15)
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where

a, ag mg

= 2%f"“:bgﬁg Y'Y

Since the Jacobians are |[3(v,,v;)/3(¢e,,¢€,) ]| =1
and [[3(e,,€5)/3(€ss,Grs)]|=1, the products of
the velocity space elements in the different variables
equal,

(16)

dv, dv;=de,de;=de,; dg,; . (17)

As an illustration of the transformation, Eqs. (14)
and (15), consider the partial integration d€,s of
the integration dv, dv,=de,;dg,; over f, f;:

~+ o0 Qs 3/e
fra :!fffrfs dcrs:nr ng (7)
: CXP{ — Qs (grs grs }

Expansions. — A series development of Eq.
(18) up to terms of second order in Va,s}(g,s\}
yields for the infrasonic limit, Va,|(g,)| < 1:

32
a 2
frs=n,ns (7_73) eXP{ — Qs g;S}

-[1+2 Va;s grﬁi Vars<grs> - (Var‘;<grs> )2
+2(Varsgrs‘l/ars<grs>)2*---] . (19)
The analytical considerations lead among other

things to the Maxwell integral u(2?) and the error
function @ (z), which are related by

(18)

x

2 s 2
—xe ™, D)= = \e ¥ dd.
Ya e Va S
g (20)

w(z?) =D (z) —

1 (2?) and @ (z) have the series expansions 1%:
2
P W —z?
u(z?) =1 Vit ze
9 1
1+ Z ( 1)m (mlrll "m)+1) for: 1'>1
m= 2
(21)
o 2m+1
e ey m+1 _ =" SRS
V z 1) (2m+1) (m—1)!
for: 21
and
2 —zt N m (2m 1) ”
D(z) =1- V‘tze I”Z:O 1) om+1 42(m+1) (22)
for: z>1
oo 2m+1
_ 25 (pyn T for: zS1.

(2m+1) m!

V.Tl m=0

15 M. AsramowiTz and I. A. STEGUN, Handbook of Mathe-
matical Functions, Dover Publ., Inc., New York 1965.
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III. Intercomponent Momentum Transfer

A component (r) may be pictured as a beam of
r-particles of macroscopic velocity (v,) with super-
imposed thermal motions €, at the temperature 7', .
Due to collisions of r-particles with s-particles, mo-
mentum is exchanged between the r- and s-beams.
According to Eq. (1), the force density exerted by
the s-component on the r-component is the collision
integral with respect to the dynamical variable m, v,:

F,S:m,f' : fvr[f; f; —frfs] grsorsdﬂdvrdvs-

A symmetrical transformation !4, and substitution

for (v; —v,) in accordance with Eq. (3) gives
Frs=2mrsf' f (gs-e) efrfsgrsorsdszdvrdvs-

(23)
Introduce a spherical coordinate system (1, ©, @)
with the polar axis parallel to g,s, in which

e = {sin O cos D, sin Osin D, cos O} ,
A. @ <(gl‘9,
d2 = —45sinO cos O dO AP .

The partial integral of Eq. (23) w1th respect to dP
is

fe edd—nl|sin2O@8 + (2 cos? O — sin® @)g;Qgr§

0 rs
(24)

Under consideration of Eqs. (17) and (24), Eq.

(23) becomes

F,,=4n My f ) 'fgrs Grs A (grs) /r fs de, dgrs B
(25)

where

@HN\X
A(grs) = =47 [0,5(grs, O) cos® O sin O d6O

ln{]-+ (Dlnm)dg%} (26)

€r €y

whence,

1 Fes E o
A(gys) = ’2' (infs) grs4
for the Coulomb cross section, Eq. (7), and O,,x ==
and cos? Oy =[1+ (D/o1)%]7', Egs. (8-10).
Combining Egs. (25) and (26), and integrating
with respect to d¢,, Eq. (18), yields

3/s 2
a, e, eg
Fm=2.’zm,sn,ns(*”') ( A s)

sl G (27

T My ‘<9r5)|
where
= fffexp{ ars(grs — <grs>)2}
<gr\> grS

1nl1+ (D’"“) g (28)
e, e

ugrx> 7 dgrS
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Introduce a spherical coordinate system (g,s, a, f)
with the polar axis paralled to (g,s), in which

g:s = grs{sin a cos B, sin a sin 8, cos a},

BZ a=<(grss<grs>),

dg,s = gir dg,s sinada df,
and the substitution,

cosa=1, dr= —sinada,

C: ) /rs—ars !(grs> .

% 1
a5 Grs =2, dr =as dgrs

The operations (B) and (C) transform the integral
in Eq. (28) to

G= 2na_éf

00
r Te (z*+y2,—2y, 27)

=—1x=0
D 2
'lnll—f-( m’s) 4]dxdt, (29)
€r €5 Qrg
whence,
g 27arsl/’§ 2/"‘ 37(1 rra0)’?

12=0 (27’731')2

D m,, "
‘In [1 + ( - ) 1
€r €5 rg

[Note that the sum (!) of the o-integrals, o= 11,
exists for = 0.]

dz. (30)

a) Supersonic Drift Velocities,
Vrs = Vars ’(grs>l> 1:

The integrals in Eq. (30) have saddlepoints at
x=7y,;0, 6= 11, respectively. Since the line of
steepest descent through z= (y,50,0) is identical
with the real axis, the integration is to be performed
along the real coordinate 1. Thus, one finds in the
first approximation for supersonic drift velocities 7

Yrs>1:
, Dm,, \?
g=2na,}/ﬁlim{ > ln[l—}—(—n}—rs—)x“}
e—>0 (o==%1 €r €5 Qrs T=yr50
00 2 YrsZ—O —(z— s }
. —E o) dg §
T=¢E (2 7}7'3 x)2
whence,

(31)

Dm, \*
(2 )
\€r €5 Qrg

s 2 i
Vrs™ [q)(}’rs) = T/; Vrs€ ¢ ”} .

- :'[ 1/1
g =”(‘;,’.;) tn

Substitution of Eq. (31) into Eq. (27) results in
the following expression for the force density exert-

16 P. DEBYE, Math. Ann. 67, 535 [1909].
17 The higher approximations can be shown to be sufficiently
small for yrs > 1, and completely negligible for y,s > 1.
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ed by the s-component on the r-component, y,,>1:

Frs= _M(ars<grs> )Trs nrmr(<vr>—<vs>)’ (32)
where,
M(y7) = §fl'/? AR (33)
-1 _ 8 2 k Trs m;s
Trs 3 Pe——— sQrs*Tsr s (34)
7 | ep€s
Qrs* é (kTrs) rs—erv (35)

L= ; In

D 2
1+ (eres mrs<grs>2> } =L.
(36)

The force density F,, Eq. (32), is a transcendental
function of ((vs) — (v,)). M(7,2) has the proper-

ties, )
M%) = (3 Vald) rr®
and for:

M(yz) =1

Prs 2 1
(37)
Yrs < 1

according to Eq. (21). The time characteristic for
the build-up or relaxation of the intercomponent
force interaction is,

T?.‘s' = Trs/M('}’;zs) + TSF;‘ .

b) Infrasonic Drift Velocities,
Vrs= Vars“grs)] <1:
An expansion of the G-integral, Eq. (29), for
infrasonic drift velocities in accordance with Eq.
(19) yields

G =2ma;" f f 1e P [1+2p. 2175

=—1 =0

sl ln[l—i— (Dm,s >~x4} drdr.

2 .2
+ 2 P 72—
€r €5 Qs

Since only terms proportional to even powers of ©
contribute to the integral, there follows by disregard-
ing terms of second and higher order in g,

Q (8 7’/3) an * Vrs Lrs ’ (38)
where
* _ D mys 2 °
L= J e % In ll-}- ( — )x“} d(2?). (39)
21‘ 0 €r €5 Qg

The integral over the Coulomb logarithm has the
analytical solution 18

18 D. Bierens DE HaaN, Nouvelles Tables D’Intégrales Défi-
nies, G. E. Stechert & Co., New York 1939.
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. T, . . .
Ly, =, sing - [Ci(g) cos ¢ +Si(q) sing],

_ ] €r € l ars
q= D My ’ (40)
where Ci(z) is the cosine integral and Si(z) is the
sine integral (I'=0.577...=Euler’s constant) 1,
s _ _1\ym =
i(z) +lnx+mZ:1( 1) Sm@m’

oo x2m+l
Si(z) = -
i@ =2 (D" G ) @maD) !
Substitution of Egs. (38) and (40) into Eq. (27)
results in the following expression for the force den-
sity exerted by the s-component on the r-component,
¥rs B 1:

(41)

Fis= '—T:shlnrmr“vr) —(vs)), (42)
where
. 8 >2k777: My . L
Trs ! :gl 7m:m, ng Qrs = Tsr 1, (43)
2

x Q'l Eres - Nt
Qrs = 2 (kTrs> Lrs = Qsr s (44)
L:sgln<le . ]2kT,6) —I'>L;,. (45)

In the infrasonic case, F,; is proportional to
((vs) — (v;)). Eq. (45) is an approximation de-
rived from Eq. (40) by noting that the electrostatic
energy at the Debye-radius is generally small com-
pared to the thermal energy,

leres|/[D<<2KT,s.

The time characteristic for the build-up or relaxation
of this intercompoent force interaction is

.I(‘ * ‘F
Trs = Trs + Tor «

The friction forces F,; and F,;, [Eq. (32) or
(42)] exerted by the s- on the r-component and the
r- on the s-component, respectively, balance at any
time (action = reaction),

Frs: "Fsr-

IV. Intercomponent Energy Transfer

In the interpenetrating components (r) and (s)
heat is liberated through collisions raising the ther-
mal energy of the components. The energy exchang-
ed in the (r—s)-collisions results in a scalar heat
flow between the components (r) and (s) of differ-

H. E. WILHELM

ent temperatures. According to Eq. (1), the energy
exchange due to these processes in the r-component
is given by the collision integral with respect to the
dynamical variable ¥ m, c?:

Wes=m: -~ [t [fs fs =1 £ grs 0rs A2 d0, dv .

A symmetrical transformation !4, and substitution
for (c;?—c¢?) in accordance with Eq. (11) gives

Wrs =2 Mg f : f [,,nnm (grs'e) z + (grs'e)
-(c,-e) ‘ frfs Grs 0rsd Q dv, dv;.
The substitution (A), and integration with respect

to dO and dP yields under consideration of Eqs.
(17) and (24)

m 2
Wrsz4:zmr3f. : f [mrs Grs +grs* Cr
o

“Grs A(grs) /r ,fs de, dgrs s

where A(g,s) is the O-integral evaluated in Eq.
(26). Substitution for €, in accordance with Eq.
(14), and integration with respect to de,;, Eq. (18),
yields

33 +oc
Qrs\ 2
Wrs:4nmrsnrns(_[) f![exp{_ars(grs—(grs>)“}

a % Mrs @\ o
U G (Grs) + ( - ) g;s] 9rs A(grs) dgys .
a, my ar
(46)

1. Intercomponent Heat Generation

The first integral expression of Eq. (46) repre-
sents the power W, liberated by the friction force
in the r-component. By insertion of A(g,s), Eq.
(26), there obtains

3 2
WF c QArs fa €rCs \~ Qrg
rs =2 7T My Ny . .

mys ar
+oo
’ .];./;cf exp{ —a5(gs — <grs>)2}

S rs

The substitutions (B) and (C) transform this equa-
tion to,

3/2 2
F ars €rés |\ Grs .
Wrs-zﬂmrsnrna<n) ) mrs) % ](grs>l Q,
(47)
where G is the integral defined in Eq. (29).
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a) Supersonic Drift Velocities,
Vrs= Vars ] <grs> I >1:

The G-integral, Eq. (29), has been evaluated in
Eq. (31) for supersonic drift velocities. By com-
bining Egs. (31) and (47), the thermal energy
liberated per unit volume and time by intercompo-
nent friction in the r-component obtains as, y,,>1:

W= M(an(8s)D) 77 T'ne mes((22) = (0,))7
rs (48)
where M (y2) and 7, are given in Egs. (33) and
(34), respectively. WE is a transcendental function
of ({vs)—(v,)).
b) Infrasonic Drift Velocities,

Vrs= Vars ](grsH <1:

The G-integral, Eq. (29), has been evaluated in
Eq. (38) for infrasonic drift velocities. By com-
bining Eqs. (38) and (47), the thermal energy
liberated per unit volume and time by intercom-
ponent friction in the r-component obtains as,
7rs < 1:

W/}; = ‘77:7" 7;3—1 ny mrs((”s) - (vr>)2a
rs
where 7;, is given in Eq. (43). In the case y,, <1,
WY, is proportional to ((v) — (v,))2.

(49)

2. Intercomponent Heat Flow

The second integral expression of Eq. (46) re-
presents the scalar heat flow W from the r- to the
s-component. By insertion of A(g.), Eq. (26),
there obtains

32 2
Qrs €r €s Mys Qs
W}‘s =2amyn,ng (‘) (’ ==~ e S

7T Mmrs my ar

+ o0
: ]Lfa‘!‘exp{~ars(grs_ (grs>)2}
1+ (Dmfs)ugfs]%.
€r € Grs

The substitutions (B) and (C) transform this equa-
tion to,

‘In

\

32 ( 2
T ars €r € m;s Qs
W,8=2nm,sn,ns(~_l—) ( —= — o

My m; ar
(50)
where
27 +1 oo o
H= """ = (2 +ytrs—2prsTr)
a L Lo7e (51)
‘In [1 + ( B ryy )-x“ dxdr.
€r €5 lrg
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whence,
H= (2 :'l/a,s yrs) Z o f xe'(l—;'uo)’
o=%1 z=0
‘In |1+ (2%7) tdz.  (52)
€r €5 Qrs

a) Supersonic Drift Velocities,
Vrs= Vars !(grs>| s
The H-integral, Eq. (52), has saddlespoints at
Z=7,50, 6= T 1. By means of the saddlepoint me-
thod 16, one finds in first approximation for super-
sonic drift velocities 17, 7,,>1:

H= 5 Ve 20ln [1+ (*p"mm )-x“}
2 @rs Yrs o=+1 ey es Qs = Pre0
: [¢(7rso) +1],

whence

He —771”/75} In [1 e < Dmr.@' )_ 7;4'8] ¢(71‘s)- (53)
QArs Vrs €r €5 Urg
Under consideration of,
[ (mrs/mr) = (ars/ar) ]
&= (mrs/mr) (mrs/ms) (Ts”“Tr) /Trs s
the scalar heat flow from the r- to the s-component
obtains from Egs. (50) and (53) as, y,s>1:

m

Wh= —S(Vars|(grs))) 37 15 n, k(T, - T,),

(54)
where )
v @ “TS
S(?’rs) == ]/21 B f/ ) s (55)
Vrs

and 7, is given in Eq. (34). WE is a transcenden-
tal function of ((v;) —(v,)). S(y,s) has the pro-
perties,

S(Vrs) g (Vﬂ/z) ;/1;1 9 7rs > ]- ’
and for: (56)
S(yrs) 21 Prs <1

according to Eq. (22). The relaxation time of the
scalar heat flow is,
v, t 0

Trs —

9 mrsr Trs/S(yrs) =+ TsTr .

b) Infrasonic Drift Velocities,
Vrs= Vars 1<grs>! <1:

An expansion of the H-integral, Eq. (51), for
infrasonic drift velocities in accordance with Eq.

(19) yields
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+1 oo

727 a i _f

Ars 1=—1 =0

H*-

2
re T [14+2y,s2T— 75

1 ( D m, 77)“14

€r €5 Qrs

° P
F 2yt —,. dr dr.

.JIn

Since only terms proportional to even powers of 7
contribute to the integral, there follows by dis-
regarding terms of first and higher order in y,,

4a1 % .
a [ e

ar; 2 20

e (57)

-mb+(Dm”)]d<)—-~n,
€y €5 Arg QArs

where Ly, is the integral evaluated in Eqs. (40) and
(45), respectively. Under consideration of
(ars/ar)]

= (mrs/mr) (mrs/ms) (Ls—T5) /Trs s

the scalar heat flow from the r- to the s-component

obtains from Eqgs. (50) and (57) as, y,, <1:

[ (mrs/mr) =

Tf"‘. tr.s_l nk(T,—Ts),

s

W= (58)
where 7, is given in Eq. (43). In the case 7,, < 1,
WX is independent of ((vy)— (v,)). The relaxa-
tion time of this scalar heat flow is,

* 1 mg t *

TrsT ) m'” Trs *Ts;r-

The scalar heat flows WY and WX [Egs. (54)
or (58)] from the r- to the s-component and the
s- to the r-component, respectively, balance at any
time,

T T
W/ra' == Wsr

V. Conclusion

The intercomponent transport processes in non-
isothermal plasmas with collisional Coulomb inter-
actions have been evaluated under consideration
of the velocity dependence of the Coulomb loga-
rithms for subsonic and supersonic drift velocities
of the components. It has been shown that:
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The transport relations are strongly dependent
through transcendental functions on the drift velo-
cities. In particular, completely different functional
dependences result in the cases of infrasonic and
supersonic drift velocities.

The effective Coulomb logarithms are different
for infrasonic and supersonic drift velocities. To
the extent that the Coulomb logarithms are large of
order 10, this difference is quantitatively important
only in the extreme case of suprasonic drift velo-
cities.

The transport relations obtained for infrasonic
drift velocities hold in good approximation for
nearly the whole region of subsonic drift velocities,
since M(7%) and S(y,) do not deviate consider-
ably from 1 for proper subsonic conditions,

1> M(yn) > 2 V 1(1) =0.558
and for

1>smo>V7

0 7s<1.
D(1) =0.747

The assumption of a quasi-homogeneous plasma
has no further physical implications. The intercom-
ponent transport processes are hardly influenced
by inhomogeneities of ordinary extent in the com-
ponents for which (u, = viscosity, 4, = conductivity)

/‘r’Vi<vr.]'> ViTr[ < pr(k Tr/mr) ‘/:-

In applications of the transport theory presented
it should be noted that (approximate) Maxwellian
velocity distributions have been assumed in the
c.m.s of the components. Formally, the five-moment-
approximation, Eq. (6), folows from the thirteen-
moment-approximation and also from the generaliz-
ed Chapman-Enskog method 8. In presence of very
strong external fields, the hypothesis of a displaced
Maxwellian seems to be valid at least as a rough
approximation 1
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